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Ý��åêòèâíûå àëãîðèòìû îáðàùåíèÿ ìàòðèöÌåòîä CsankyÂ ðàáîòå Êñàíêè (Csanky L.)1 áûë ïîñòðîåí òåîðåòè÷åñêè íàèëó÷øèé ïàðàëëåëüíûéàëãîðèòì îáðàùåíèÿ ìàòðèö.Âû÷èñëèòåëüíûå çàòðàòû àëãîðèòìà Êñàíêè äëÿ îáðàùåíèÿ ìàòðèöû (N ×N)ñîñòàâëÿþò O(log2 N) îïåðàöèé ñ èñïîëüçîâàíèåì N4/(logN) ïðîöåññîðîâ.Ìåòîä Êñàíêè ÿâëÿåòñÿ îòëè÷íûì òåîðåòè÷åñêèì àëãîðèòìîì, íî ìàëî ïðèãîäåíïðè ñîçäàíèè ïàðàëëåëüíûõ ïðîãðàìì:Ìåòîä êðàéíå ÷óâñòâèòåëåí ê îøèáêàì îêðóãëåíèÿ, âîçíèêàþùèõ ïðèâû÷èñëåíèè ñëåäîâ ìàòðèö.Òðåáóåòñÿ N4 ïðîöåññîðîâ.
1Csanky L. Fast Parallel Matrix Inversion Algorithms, SIAM J. Comput. 1976. Vol 5. P.618-623.Äîêë. Íåäîæîãèí Í.Ñ. (ÈÌ ÓðÎ �ÀÍ) Îáðàùåíèÿ ìàòðèö íà GPU �îñòîâ-íà-Äîíó 2014 ã. 4 / 15



Ý��åêòèâíûå àëãîðèòìû îáðàùåíèÿ ìàòðèöÌåòîä ÍüþòîíàÂ 1985 ã. â ðàáîòå Pan V., Reif J.2 áûëè ïðåäëîæåíû óñòîé÷èâûå ïàðàëëåëüíûåàëãîðèòìû îáðàùåíèÿ äëÿ õîðîøî îáóñëîâëåííûõ ìàòðèö ñ îïòèìàëüíûìèçàòðàòàìè, îñíîâàííûé íà èòåðàöèîííîì ìåòîäå Íüþòîíà.Çàòðàòû ïî âðåìåíè ñîñòàâëÿþò O(log2 N) îïåðàöèé è logN ïðîöåññîðîâ.Ïðèìåíÿòü ìåòîä Íüþòîíà äëÿ îáðàùåíèÿ ìàòðèö îáùåãî âèäà íå ñîâñåìöåëåñîîáðàçíî:Íà êàæäîì øàãå òðåáóåòñÿ äâà ìàòðè÷íûõ óìíîæåíèÿ;Cõîäèìîñòü ìåòîä Íüþòîíà äîñòàòî÷íî ìåäëåííàÿ äëÿ ïëîõî îáóñëîâëåííûõìàòðèö.
2Pan V., Reif J. Fast and e�
ient parallel solution of dense linear systems // Computers andMathemati
s with Appli
ations. 1989. Vol. 17, �11. P.1481-1491.Äîêë. Íåäîæîãèí Í.Ñ. (ÈÌ ÓðÎ �ÀÍ) Îáðàùåíèÿ ìàòðèö íà GPU �îñòîâ-íà-Äîíó 2014 ã. 5 / 15



Ïîñëåäîâàòåëüíûå àëãîðèòìû îáðàùåíèÿ ìàòðèöÌåòîä LU �àêòîðèçàöèèÄëÿ çàäàííîé íåâûðîæäåííîé ìàòðèöû A ñóùåñòâóåò ðàçëîæåíèå A = LU , ãäå
U - âåðõíå-òðåóãîëüíàÿ, L - íèæíå òðåóãîëüíàÿ ìàòðèöû.Åñëè ìàòðèöû A,U,L îáðàòèìû, òî ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå:
A−1 = U−1L−1.Ôàêòîðèçàöèÿ ïðîâîäèëàñü äëÿ ìàòðèö õðàíÿùèõñÿ â �îðìàòå CSR.�àññìàòðèâàëàñü òîëüêî ïîñëåäîâàòåëüíàÿ ðåàëèçàöèÿ LU-�àêòîðèçàöèè íàCPU, ïîêàçûâàþùàÿ íàèëó÷øèå ðåçóëüòàòû äëÿ ìàëûõ è ñðåäíèõ ìàòðèö.Îñîáåííîñòè äàííîãî àëãîðèòìà íå ïîçâîëÿþò ý��åêòèâíî èñïîëüçîâàòü âñåâîçìîæíîñòè ìàññèâíî-ïàðàëëåëüíîé àðõèòåêòóðû GPU.Â ðàáîòå Li R., Saad Y. 3 òàêæå îòìå÷àåòñÿ ìàêñèìàëüíîå GPU-óñêîðåíèåïîðÿäêà òðåõ.3Li R., Saad Y. GPU-a

elerated pre
onditioned iterative linear solvers // The Journal ofSuper
omputing. 2013. Vol. 63. Issue 2. P. 443-466.Äîêë. Íåäîæîãèí Í.Ñ. (ÈÌ ÓðÎ �ÀÍ) Îáðàùåíèÿ ìàòðèö íà GPU �îñòîâ-íà-Äîíó 2014 ã. 6 / 15



Ïîñëåäîâàòåëüíûå àëãîðèòìû îáðàùåíèÿ ìàòðèöÌåòîä �àóññà-Æîðäàíà
Âñå îïåðàöèè âûïîëíÿþòñÿ íà öåíòðàëüíîì ïðîöåññîðå CPU.Òàê êàê ïðåîáëàäàþùèå âû÷èñëåíèÿ â äàííîì ìåòîäå ñîäåðæàò ìàòðè÷íûåîïåðàöèè, òî â äàëüíåéøåì ìîæíî îæèäàòü âûñîêóþ ïðîèçâîäèòåëüíîñòüâàðèàíòà äëÿ ãèáðèäíîé àðõèòåêòóðû ïðè ñîâìåñòíîì èñïîëüçîâàíèèCPU+GPU.Â ðàáîòå Ezzatti P.4 ïîêàçàíî, ÷òî ìàêñèìàëüíî ïîëó÷àåìîå òðåõêðàòíîåóñêîðåíèå ìåòîäà îáðàùåíèÿ �àóññà-Æîðäàíà äîñòèãàåòñÿ ëèøü ïðèâû÷èñëåíèÿõ ñ îäèíàðíîé òî÷íîñòüþ è ðàçäåëåíèåì îïåðàöèé âûïîëíÿåìûõ íàCPU è GPU.

4Ezzatti P., Quintana-Orti E.S., Remon A. Using graphi
s pro
essors to a

elerate the 
omputation ofthe matrix inverse // J. of Super
omputing. � 2011. V.58. � P.429-437.Äîêë. Íåäîæîãèí Í.Ñ. (ÈÌ ÓðÎ �ÀÍ) Îáðàùåíèÿ ìàòðèö íà GPU �îñòîâ-íà-Äîíó 2014 ã. 7 / 15



Ïîñëåäîâàòåëüíûå àëãîðèòìû îáðàùåíèÿ ìàòðèöÌåòîä ñîïðÿæåííûõ ãðàäèåíòîâ�àññìàòðèâàåìûé â ðàáîòå àëãîðèòì âû÷èñëåíèÿ îáðàòíîé ìàòðèöû ñîñòîèò èçðåøåíèé ìàòðè÷íîé ñèñòåìû âèäà AX = E, ãäå E � åäèíè÷íàÿ ìàòðèöà. Ñèñòåìàý��åêòèâíî ðåøàåòñÿ íà GPU ïðåäîáóñëîâëåííûì àëãîðèòìîì ñîïðÿæåííûõãðàäèåíòîâ5 .Â òåñòàõ èñïîëüçîâàëñÿ äèàãîíàëüíûé ïðåäîáóñëàâëèâàòåëü, òàê êàê îíîáåñïå÷èâàåò ìèíèìàëüíûå âû÷èñëèòåëüíûå çàòðàòû (êîëè÷åñòâà òðåáóåìîéïàìÿòè, âðåìåíè ïîñòðîåíèÿ ïðåäîáóñëàâëèâàòåëÿ è âðåìåíè åãî ðåøåíèÿ).Äàííûé àëãîðèòì óäîáåí â ìåòîäå äîïîëíåíèÿ Øóðà. Åñëè çàìåíèòü ìàòðèöó
E â ïðàâîé ÷àñòè íà ïðîèçâîëüíóþ ìàòðèöó B, òî ðåçóëüòàòîì áóäåò ìàòðèöà
X = A−1BÝ��åêòèâåí òîëüêî äëÿ õîðîøî îáóñëîâëåííûõ ìàòðèö áîëüøèõ ðàçìåðíîñòåé.5Kopysov S. P., Kuzmin I. M., Nedozhogin N. S., Novikov A. K., Sagdeeva Y. A. Hybrid Multi-GPUsolver based on S
hur 
omplement method // Le
ture Notes in Computer S
ien
e � 2013. � vol. 7979. �pp. 65-79.Äîêë. Íåäîæîãèí Í.Ñ. (ÈÌ ÓðÎ �ÀÍ) Îáðàùåíèÿ ìàòðèö íà GPU �îñòîâ-íà-Äîíó 2014 ã. 8 / 15



Ïîñëåäîâàòåëüíûå àëãîðèòìû îáðàùåíèÿ ìàòðèöÌåòîä Øåðìàíà-Ìîððèñîíà-ÂóäáåðèÇà îñíîâó ïîñòðîåíèÿ A−1 áåðóò ìàòðèöó B òîé æå ðàçìåðíîñòè, ÷òî è A, íî ñèçâåñòíîé îáðàòíîé ìàòðèöåé.Äëÿ îáðàòèìîñòè ìàòðèöû A âèäà: A = B − UV T , ãäå A � íåâûðîæäåííàÿìàòðèöà N ×N , à U, V � ìàòðèöû (N × k), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû áûëàîáðàòèìîé ìàòðèöà k-ãî ïîðÿäêà P = Ik − V TB−1U . Ïðè ýòîì
A−1 = B−1 +B−1UP−1V TB−1. (1)Â ðàáîòå He X., Holm M., Neyt
heva M.6 áûë èññëåäîâàí àëãîðèòì (1) äëÿîáðàùåíèÿ ïëîòíûõ ìàòðèö, â òîì ÷èñëå è íà GPU, â êîòîðîì òðåáóåòñÿ äîñòàòî÷íîçàòðàòíîå ðàçäåëåíèå ìàòðèö íà áëîêè. Çàìåòíîãî óñêîðåíèÿ íà GPU ïîëó÷åíî íåáûëî.6He X., Holm M., Neyt
heva M. E�
iently parallel implementation of the inverse Sherman-Morrisonalgorithm //Le
ture Notes in Computer S
ien
e. � 2013. � V. 7782. � P. 206-219.Äîêë. Íåäîæîãèí Í.Ñ. (ÈÌ ÓðÎ �ÀÍ) Îáðàùåíèÿ ìàòðèö íà GPU �îñòîâ-íà-Äîíó 2014 ã. 9 / 15



Ïîñëåäîâàòåëüíûå àëãîðèòìû îáðàùåíèÿ ìàòðèöÌåòîä Øåðìàíà-ÌîððèñîíàÂ ÷àñòíîì ñëó÷àå ïðè k = 1 �îðìóëà Øåðìàíà-Ìîððèñîíà-Âóäáåððè ïðèâîäèò êñëåäóþùåé òåîðåìå:Òåîðåìà7. Ïóñòü B � íåâûðîæäåííàÿ ìàòðèöà è âåêòîðà u è v òàêèå, ÷òî
r = 1 + v

TB−1
u 6= 0. Òîãäà ìàòðèöà A = B−1 + v

T
u ÿâëÿåòñÿ îáðàòèìîé

A−1 = B−1 − r−1B−1
uv

TB−1. (2)Ïîëàãàÿ, ÷òî B−1
ek = b

∗

k, b∗

k � k-ûé ñòîëáåö ìàòðèöû B−1. Òîãäà ñòîëáåö a
∗

j

a
∗
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∗

j −
v
T
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∗

j

(1 + vTb∗

j )
b
∗

k, j = 1, 2, . . . , N. (3)Ïî (3) âû÷èñëÿåì A−1, ïðèíèìàÿ ÷òî B = E è âû÷èñëÿÿ íà k øàãå u = ek,
v
T = v

k = a
k − e

T
k , èñõîäÿ èç A = B +

∑N

k=1 v
k. Ñòîëáåö ìàòðèöû íà k øàãåâû÷èñëÿåòñÿ èç ñîîòíîøåíèÿ

a
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T
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a
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k , j = 1, 2, . . . , N, (4)ãäå A(0) = E è äëÿ k = N íàõîäèòñÿ a

(N)
j = a

∗

j , j = 1, 2, . . . , N .7Sherman J., Morrison W.J. Adjustment of an inverse matrix 
orresponding to a 
hange in one elementof a given matrix // Ann. Math. Statisti
s. � 1950. � V. 21. �1. � P. 124-127.Äîêë. Íåäîæîãèí Í.Ñ. (ÈÌ ÓðÎ �ÀÍ) Îáðàùåíèÿ ìàòðèö íà GPU �îñòîâ-íà-Äîíó 2014 ã. 10 / 15



Ïàðàëëåëüíûå àëãîðèòìû îáðàùåíèÿ ìàòðèöÌåòîä Øåðìàíà-ÌîððèñîíàÀëãîðèòì 1 Ïàðàëëåëüíûé àëãîðèòì Øåðìàíà-ÌîððèñîíàRequire: a,v ∈ R
N {âåêòîðà õðàíÿòñÿ â ïàìÿòè GPU}1: v

T = a
k − e

T
k { âåêòîð ek ∈ R

N , k ýëåìåíò êîòîðîãî ðàâåí 1, à âñå îñòàëüíûå 0}2: for k = 0→ N do3: for i = 0→ N do4: for j = 0→ N do5: β1 ← (vT
k ,a

(k−1)
j ) {âû÷èñëÿåòñÿ ñ ïîìîùüþ �óíêöèè 
ublasDdot}6: β2 ← 1 + (vT
k ,a

(k−1)
k ) {
ublasDdot}7: β3 ← β1/β28: a

(k)
j ← a

(k−1)
j − β3 {
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×èñëåííûå èññëåäîâàíèÿÒåñòîâûå ìàòðèöû×èñëåííûå ýêñïåðèìåíòû áûëè ïðîâåäåíû íà òåñòîâûõ ìàòðèöàõ:Matrix Market: http://math.nist.gov/MatrixMarket/ (äàòà îáðàùåíèÿ: 29.08.2013)Tim Davis: University of Florida Sparse Matrix Colle
tion: sparse matri
es from awide range of appli
ations: http://www.
ise.u�.edu/resear
h/sparse/matri
es/(äàòà îáðàùåíèÿ: 29.08.2013)Ìàòðèöû ïîëó÷åííûå ïðè ðåøåíèè çàäà÷è íàïðÿæåííî-äå�îðìèðîâàííîãîñîñòîÿíèÿ âèíòîâîé ïðóæèíû ìåòîäîì äîïîëíåíèÿ Øóðà8.Âñå ìàòðèöû ñèììåòðè÷íûå è ïîëîæèòåëüíî-îïðåäåë¼ííûå. �àçìåðû ìàòðèöâàðüèðóþòñÿ îò 276 äî 18000, ÷èñëî íåíóëåâûõ ýëåìåíòîâ � îò 1666 äî 6897316,÷èñëà îáóñëîâëåííîñòè χ � îò 10 äî 1010, à âñå ðåçóëüòàòû ïîëó÷åíû ñ äâîéíîéòî÷íîñòüþ.Äëÿ âû÷èñëåíèé èñïîëüçîâàëñÿ óçåë ñ ÷åòûðåõÿäåðíûì ïðîöåññîðîì Intel XeonCPU E5430 ÷àñòîòîé 2667 Ì�ö è ãðà�è÷åñêèì óñêîðèòåëåì NVIDIA GeFor
e GTX580. Êîëè÷åñòâî ÿäåð CUDA 512, îáúåì ïàìÿòè 3 �Á, ÷àñòîòà ÿäðà/ïàìÿòè 772Ì�ö/4008 Ì�ö.8Kopysov S. P., Kuzmin I. M., Nedozhogin N. S., Novikov A. K., Sagdeeva Y. A. Hybrid Multi-GPUsolver based on S
hur 
omplement method // Le
ture Notes in Computer S
ien
e � 2013. � vol. 7979. �pp. 65-79.Äîêë. Íåäîæîãèí Í.Ñ. (ÈÌ ÓðÎ �ÀÍ) Îáðàùåíèÿ ìàòðèö íà GPU �îñòîâ-íà-Äîíó 2014 ã. 12 / 15



×èñëåííûå èññëåäîâàíèÿÎöåíêà òî÷íîñòè îáðàùåíèÿÄëÿ ïðîâåðêè òî÷íîñòè, ïîëó÷åííûõ ðåçóëüòàòîâ îáðàùåíèÿ ìàòðèö âîçüìåìòåñòîâûå ìàòðèöû ðàçíîé ðàçìåðíîñòè è ñ ðàçíûì ÷èñëîì îáóñëîâëåííîñòè χ. Äëÿâû÷èñëåíèÿ ïîãðåøíîñòè èñïîëüçóåì ìàòðèöó R = E − AA−1. Âû÷èñëèììàêñèìàëüíóþ íîðìó è íîðìó Ôðîáåíèóñà :
||R||∞ = max

i

∑

j

|Rij |, ||R||2 =

√

∑

i,j

R2
ij . (5)Òàáëèöà 1: Ìàêñèìàëüíàÿ íîðìà è íîðìà Ôðîáåíèóñà

N χ Ìåòîä LU Ìåòîä JGÌàòðèöà dim. 
ond. ||R||∞ ||R||2 ||R||∞ ||R||2494_BUS 494 3.9e+06 1.2e-11 4.7e-11 2.3e-11 8.2e-111138_BUS 1138 1e+02 1.1e-10 4.1e-10 1.2e-10 3.0e-10BCSSTK15 3948 8e+09 1.7e-10 1.4e-10 8.1e-10 2.9e-10
N χ Ìåòîä SM Ìåòîä CGÌàòðèöà dim. 
ond. ||R||∞ ||R||2 ||R||∞ ||R||2494_BUS 494 3.9e+06 1.1e-11 2.7e-11 1.1e-07 1.4e-071138_BUS 1138 1e+02 7.3e-11 3.6e-10 1.7e-07 2.8e-07BCSSTK15 3948 8e+09 1.6e-10 1.7e-10 2.8e-07 5.8e-07Äîêë. Íåäîæîãèí Í.Ñ. (ÈÌ ÓðÎ �ÀÍ) Îáðàùåíèÿ ìàòðèö íà GPU �îñòîâ-íà-Äîíó 2014 ã. 13 / 15



Âðåìÿ îáðàùåíèÿ ìàòðèöÑðàâíåíèå àëãîðèòìîâÒàáëèöà 2: Âðåìÿ îáðàùåíèÿ ìàòðèö (ñåê.)
N/Nnz χ GJ LU CG SMÌàòðèöà dim./non-zero 
ond. CPU CPU GPU CPU GPUS
hur276 276/7488 1.2e+02 0.1 0.1 1.1 0.1 4.1494_BUS 494/1666 3.9e+06 0.3 0.7 23.9 1.31 12.11138_BUS 1138/4054 8.0e+09 9.5 11.9 133.1 23.0 62.5S
hur1236 1236/40806 1.5e+01 12.6 18.6 8.8 34.5 74.5BCSSTK11 1473/34241 5.3e+08 21.4 33.9 246.6 57.9 104.8BCSSTK15 3948/117816 8.0e+09 426.0 649.1 329.1 1182.9 751.1Shur5688 5688/203238 2.9e+01 1262.8 1822.5 84.8 3171.6 1572.2ND3K 9000/3279690 1.6e+07 5009.6 7175.4 34801.3 12960.3 3918.7ms
10848 10848/1229776 9.9e+09 8718.8 12446.8 15259.6 21663.5 5741.0Dub
ova1 16129/253009 9.9e+02 29868.9 40859.7 617.3 75472.2 13006.5bodyy4 17546/121550 8.1e+02 40400.6 � 376.4 � 15566.6ND6K 18000/6897316 1.5e+07 41782.0 35674.5 � � 16386.0
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Âûâîäû è äàëüíåéøåå ðàçâèòèåÂûâîäû:äëÿ ìàòðèö íåáîëüøîãî ðàçìåðà � ïîñëåäîâàòåëüíûå àëãîðèòìû GJðåàëèçîâàííûå íà CPU,ñ óâåëè÷åíèåì ðàçìåðîâ ìàòðèö, ý��åêòèâíåå èñïîëüçîâàòü àëãîðèòìû íàGPU,äëÿ õîðîøî îáóñëîâëåííûõ ìàòðèö � MultiGPU-ðåàëèçàöèÿ ìåòîäàñîïðÿæåííûõ ãðàäèåíòîâ,â ñëó÷àå ïëîõîîáóñëîâëåííûõ ìàòðèö � ìåòîä Øåðìàíà-Ìîððèñîíà,ïîêàçûâàþùèé ìèíèìàëüíîå òðåõêðàòíîå GPU-óñêîðåíèå.�àçâèòèå:�àçðàáîòêà ïàðàëëåëüíîé ðåàëèçàöèè íà MultiGPU.Ïàðàëëåëüíûé âàðèàíò ìåòîäà Øåðìàíà-Ìîððèñîíà ó÷èòûâàþùèéñèììåòðè÷íîñòü ìàòðèö.Ïîñòðîåíèå ÿâíûõ ïðåäîáóñëàâëèâàòåëåé íà îñíîâå ìîäè�èêàöèé àëãîðèòìàØåðìàíà-Ìîððèñîíà.Áëàãîäàðíîñòè:�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ãðàíò14-01-31066-ìîë_a,14-01-00055-a, 13-01-00101-à) è ïðîãðàììû Ïðåçèäèóìà �ÀÍ �18 ïðè ïîääåðæêå ÓðÎ �ÀÍ (ïðîåêò 12-Ï-1-1005).Äîêë. Íåäîæîãèí Í.Ñ. (ÈÌ ÓðÎ �ÀÍ) Îáðàùåíèÿ ìàòðèö íà GPU �îñòîâ-íà-Äîíó 2014 ã. 15 / 15
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